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DYNAMIC PLASTIC DAMAGE OF SIMPLY
AND DOUBLY CONNECTED ELLIPTIC PLATES

Yu. V. Nemirovsky and T. P. Romanova UDC 539.3

This paper studies the dynamic behavior of simply and doubly connected elliptic ideal rigid-plastic
plates with simply supported or clamped contours under short-time intensive dynamic loads. It is
shown that there are several mechanisms of dynamic deformation of plates. For each mechanism,
equations of the dynamic behavior are obtained. Operating conditions of these mechanisms are ana-
lyzed. Analytical expressions for the ultimate, “high” and “superhigh” loads and the mazimum final
deflection are obtained. Numerical examples are given.

Elliptic plates are frequently used as plugs and protective elements in mechanical engineering. Little infor-
mation can be found in the literature on the analysis of these structures under high-intensity explosive loads [1].
In the present paper, a method of determining the final damage of simply and doubly connected elliptic plates
subjected to short-time intensive dynamic loads is proposed. The final deflection of the plates serves as a measure
of damage.

We consider a rigid-plastic plate with an elliptic contour [ subjected to a uniformly distributed dynamic load
of intensity P(t). The plate contour can be simply supported or clamped.

Depending on the magnitude of the applied load, several mechanisms of dynamic deformation are possible.
Under loads lower than the ultimate values (“low” loads), the plate remains at rest. For loads slightly higher than
the ultimate values (“moderate” loads), as in the case of bending beams [2], circular and annular plates [3-8], and
rectangular and polygonal plates [2, 9-12], a linear plastic hinge /; is formed and moves translationally in the plate
(segment AB in Fig. 1 that shows mechanism No. 1). As a result, the plate is deformed into a certain ruled surface.
For relatively high loads, the dynamics of the elliptic plate, as the dynamics of the structures mentioned above, can
be accompanied by appearance, development, and disappearance of the region Sy that moves translationally. For
“high” loads, the region S and a part of the hinge I, exist simultaneously (mechanism No. 2 shown in Fig. 2). For
“superhigh” loads, the hinge {1 vanishes (mechanism No. 3 shown in Fig. 3).

In all the aforementioned cases, any normal to the contour [ intersects either the hinge [y or the curve s,
i.e., the contour of the region Ss.

We write the equation of the ellipse [ in a parametric form z; = acos and y; = bsin ¢, where 0 < ¢ < 27
and b < a. The distance from the point (z,y) € Z to the hinge I; measured along the normal to [ is denoted by
dy(z,y), and the distance from the point (z,y) € S; to the curve lo measured along ! is denoted by da(z,y) (Z is
the part of the plate defined in such a manner that the normal to | passing through an arbitrary point of this part
intersects l1, and S; is the part of the plate defined in such a manner that the normal to [ passing through an
arbitrary point of this part intersects l3) (see Figs. 1-3).

Since the plate is symmetric about the x and y axes and b < a, the hinge [; is a linear segment lying on the
r axis: —x, < ¢ < .. We draw a normal to the contour [ so that it intersects the x axis. Let us calculate the
coordinates of the intersection point and determine their maximum value x,.

The normal to the contour [ at the point [x1(¢), y1(p)] is defined by the equation

—asinp(r —acosp) + beosp(y — bsinp) = 0. (1)
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The angle between the normal to the contour ! and the x axis is
1 = arctan ((a/b) tan ). (2)

Here z; = (a — b?/a) cos ¢, where (x;,0) € I (x; is the point of intersection of the normal and the z axis). Then,
T, = limz; =a— b2/a.
p—0

The distance D, from the point [z1(p), y1(p)] of the contour [ to Iy is
Do = J@1(0) w2 + (9) = bLg)ja,  L(p) = ya?sin® o + 2 cos? . 3)
The minimum and maximum distances from [ to [; are determined by the formulas

. —_— ] P 2 - P
Dinin Ogl@lgﬂDc(w) b*/a, Diyax max D.(p) = b.

0L

We show that a line normal to [ is also normal to /5. To this end, we approximate the contour ! by a polygonal
contour [. For the polygonal plate obtained, the contour of the internal region, which moves translationally, becomes
a polygonal contour lo. The authors [11] showed that the segments of the internal contour I, are parallel to the
corresponding segments of the contour I. Hence, as the number of segments of the polygonal contour ! tends to
infinity, the contour Iy becomes closer and closer to Iy and the normal to [ at any point of this contour is also a
normal to [s.

To obtain the equation of the contour I3, we draw the normal to ! from the point (z1,y1) € I so that
it intersects l2. The distance between [ and Iy is written as D = 6R [R(y) is the radius of curvature of [ and
d = 0(p,t) > 0 is a dimensionless function]. The equation of I3 has the form

xo = acosp — d(acosp — &), y2 = bsingp — §(bsinp — ().

Here & = [1 — L?(p)/a?]acos ¢ and ¢ = [1 — L?(¢)/b?]bsin ¢ are the coordinates of the center of curvature of the
ellipse [ at the point (z1,y1). Hence, we obtain

zy = [1 — 0L%(p)/a?|acos g, yo = [1 — 6L2(¢)/b?]bsin . (4)
The normal to [ is also the normal to 5. In this case, equality (1) holds for x = z9 and y = y, and

whlacos — ) + yh(bsing — o) =0, (-) = (-)/0.
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This relation yields
xhbcos ¢ + yhasinp = 0. (5)
Differentiating (4) and substituting the resulting relations into (5), we arrive at the equation for d(y, t)
8L (@) + 36L2(¢)(a® — b?) sin pcos p = 0.

Solving this equation, we obtain

6= 50ab/L3, 50 = 50(t) 2 0. (6)
The radius of curvature of the ellipse [ is R(¢) = L?/(ab). It follows from (6) that
D = 0(p, 1) R(p) = do(t). (7)

Consequently, the distance D between the curves | and [ does not depend on the parameter . With
allowance for (6) and (7), Eq. (4) for Iz becomes

x9 = [a — Db/L(p)] cos ¢, y2 = [b— Da/L(p)]sin .

The contour I is not elliptic for D > 0. For the curve I3 to have no mutually intersecting segments, the following
conditions must be satisfied: yo > 0 for 0 < ¢ < 7 and yo < 0 for 7 < ¢ < 27w. Therefore, for the values of D in
the interval (b%/a,b), the curve Iy is determined not for all values of ¢. The case D > b corresponds to mechanism
No. 1, where the region Sy and the curve I, are absent, the case b?>/a < D < b corresponds to mechanism No. 2,
and the case D < b?/a corresponds to mechanism No. 3. In the case of a circular plate (a = b), mechanism No. 2
is skipped, and the hinge [; degenerates into a point, the plate center.

In the general case, the plate is deformed according to mechanism No. 2. In the absence of the regions Sy
and S7, this mechanism becomes mechanism No. 1. If the region Z is absent, mechanism No. 2 becomes mechanism
No. 3. Let us consider mechanism No. 2.

To obtain equations of motion of the plate, we use the virtual power principle and d’Alembert principle [13]:

K=A-N; (8)
o [ .
= // P(t) %ds; (10)

S

N = Z/M 89* (11)

Here K and A are the powers of inertial and external forces, respectively, S is the area of the plate, u is the
deflection, p is the surface density of the plate material, N is the power of the internal forces of the plate, ¢ is the
current time, [, are the lines of discontinuity in the angular velocities, M,, is the bending moment on I,,, and
[06%, /0t] is the discontinuity in the angular velocity on I,,. In the expression for N, summation is performed for
all lines of discontinuity in the angular velocity, including the plate boundary. The asterisk denotes the admissible
velocities.

Since the velocities on the boundaries of the region S, and hinge [y are continuous and their motion is
translational, the deflection rate in the region Ss is equal to that on I;. We denote it by w.(t).

According to [14], we write the power of internal forces (11) as

N =Mz § Sl (12)

l

where M, is the limiting bending moment, = 0 for the clamped contour, n = 1 for the simply supported contour,
04/0n is the derivative of the deflection rate with respect to the normal to the contour [ or the angular velocity of
rotation of the plate surface relative to the horizontal plane at the contour [, dl is the element of the contour /, and
() =0(-)/ot.
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We denote the angle of rotation of the line EF [the boundary of the regions Z and S7 (see Fig. 2)] about !
by «. In the region Si, the plate rotates about the supporting contour through the angle
as(t) = a(t). (13)

In the region Z, this angle is equal to a;. Since a part of the hinge /1 moves at a constant translational velocity,
we have

a1 (t, ) = aD/D.. (14)

The position of the boundary EF is determined by the parameter ¢ = ;. It follows from (3) that the length of EF
is

D = L(g1)b/a. (15)

As a result, expression (12) for N becomes

x| [& P [oa)
0Z ¢

951

The region Z is determined by the conditions 0 < ¢ < 1, T — 1 < @ < T+ @1, and 27 — @1 < @ < 27, and the
region S is determined by the conditions ¢ < ¢ < 7 — 1 and 7+ @1 < ¢ < 27 — 1. In the region Z, the angle ¥
varies within the intervals 0 < ¢ <1, 7 — 1 < ¢ < 7+ Y1, and 27 — ¢¥; < Y < 27, where ¥ = ¥(p1) and ¥ is
determined by (2). With allowance for (3), we obtain

o1 /2
D 12 12
/ R / (6# D) YL TIE oy 46Dy 2, / &* dl = dé* / L(p) de.
DC Dc b
oz 0 95, P1

Then, the expression for N takes the form

/2

. a
N =4My(2 —n)é [Dcm 5T / L(y) dsﬂ] - (16)
Y1
The deflection rate in the regions Z, Sy, and S is given by
(z,y) € Z: 4= dudy, (x,y) € S1: U = dada, (x,y) € S2: U = 1. (17)

Expressions (9) and (10) become

d2
K :p[a*dDQ//D—Ist—i—d*d//d% ds—i—ubjﬂ)c//ds]; (18)
c
Z Sa

S1
+ it P(t) S/ / ds. (19)

P(t)D//g—llderP(t)//dgds
4 S1

To calculate the double integrals over the regions Z and Sj, we use the curvilinear orthogonal coordinate sys-
tem (v1,v9) related to the Cartesian coordinate system by the relations

A=a"

x = [a — v1b/L(vy)] cos va, y = [b—via/L(ve)] sin va.

The curves v; = const are at the distance vy from the contour [. The lines vo = const are normal to the elliptic
contour.

Substituting (16), (18), and (19) into (8) and taking into account that &* and w} are independent, we obtain
the following equations of motion governing the deformation according to mechanism No. 2:

paDYy = P(t)3y — 12Mo(2 — 1) X3; (20)
piiv, = P(t). (21)
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Since the rates are continuous on the boundaries of the regions Sy, S; and S, Z, then

Y3 =

&D = . (22)

System (15), (20)—(22) describes the plate deformation according to mechanism No. 2. In the case of
deformation according to mechanism No. 1, the regions S; and S5 are absent, and the plate motion is described by
Egs. (20) and (22) for 1 = n/2 and D = b. If the plate is deformed according to mechanism No. 3, the region Z
is absent, and the behavior of the plate is governed by Egs. (20)—(22) for ¢; = 0.

We consider the response of the plate to an impact load P(t), which gradually increases from zero to a
maximum value Py .x and, then, decreases monotonically.

At the initial time, the plate is at rest:

alty) = d(to) = we(to) = we(to) = 0. (23)

If 0 < Ppax < Py (“low” loads), where Py is the ultimate load, the plate remains at rest. We determine the
quantity Py from Eq. (20) for é&(tg) =0, ¢1 = 7/2, and D = b:

Py = 12Mo(2 — n)/[b*(3 — b /a?)].

For a circular plate of radius R, the ultimate load is Py = 6M(2—n)/R?. In the simply supported case, this
value is equal to the exact value of the ultimate load Py obtained in [3]. For the clamped contour, the ultimate load
calculated from the last formula is 2P, compared to the approximate value 1.875P, obtained in [5] using the Tresca
yield criterion. Figure 4 shows the ultimate load pg versus the geometrical parameters of the ellipse (pg = Poa?/My).
Curves 1 and 2 correspond to the simply supported and clamped contours, respectively.

The plate is deformed in accordance with mechanism No. 1 if Py < Ppax < P1 (“moderate” loads), where
Py is the load at which the regions S; and Sy appear. To determine the load Py, we differentiate (22) and use the
resulting relation to eliminate W, and & from (20) and (21). As a result, we have

—pa DY) = P(t)(Sy — 1) — 12Mp(2 — 1) Ss. (24)
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At the moment the regions S; and S» appear, the region Z occupies the entire plate and ¢ = 7/2, D = b,

and D = 0. From (24), we obtain
Py = 12My(2 — 1) /b* > Py. (25)

For the circular plate, Eq. (25) yields P; = 2Py. In the simply supported case, this result coincides with
that obtained in [4, 6]. For the clamped contour, it was found that P; = 1.998F; (see [5]). Figure 4 shows the
load p; versus the geometrical parameters of the ellipse (p1 = Pra?/Mp). Curves 3 and 4 correspond to the simply
supported and clamped contours, respectively.

For “moderate” loads, the plate motion is governed by Egs. (20) and (22) for ¢; = 7/2 and D = b with the
initial conditions (23), where tg is determined under the condition P(tg) = Py. At the moment ¢t = T, the load is
removed and the plate moves inertially for some time. The time when the plate comes to rest ¢; is determined from
the condition

we(ty) =0 (26)

and it is given by the expression
T
1
tf=t0+—/P(t)dt. (27)
Fo
to

The deflections are calculated from (17) with allowance for (13) and (14). The final deflection at the plate center
is

T 2 T
3-b/a? 1

For a simply supported circular plate, this result coincides with that obtained in [7].

If P < Ppax < P> (“high” loads), where P, is the load for which the region Z vanishes, mechanism Nos. 1,
2, and 1 operate in succession.

The first phase (to < t < ¢1). The times ty and ¢; are determined from the conditions P(ty) = Py and
P(t1) = Py, respectively. The plate motion is described by Egs. (20) and (22) for ¢1 = 7/2 and D = b with the
initial conditions (23). At the time ¢;, the regions S; and Sy are formed. At this moment, the quantities a(;),
G(t1), we(tr), and w.(t1) are determined.

The second phase (t; < t < tg). At this stage of motion, the regions S; and Sy develop. The region Sy
increases to a maximum size, then it decreases and vanishes at t;. In the process, the region Z decreases but
does not vanish. The plate motion is governed by Egs. (15) and (20)—(22) subject to the initial conditions that
correspond to the end of the first phase. In this case, p1(t1) = 7/2 and D(t1) = Dypax = b.

At the time ¢, when the region S reaches the maximum size, the condition D(t,) = 0 holds. For the load
considered, the region Z still exists and, hence, Dy, < D(t). Taking into account that the region Z is absent and
setting P(t,) = Py, D(ts) = Dpin = b*/a, and ¢ = 0, we determine the load P, from (24). Using the approximate
formula [15]

/ Lig)de~ "2 Q= 3(atb)—2val), (28)

we obtain

6Mo(2 —n)
(b2/a)*[1 = 2(b?/a)/Q]
For the circular plate, we have P; = P, i.e., the “high” and “superhigh” loads coincide. Figure 4 shows the load p»
versus the geometrical parameters of the ellipse (py = Pa?/M;). Curves 5 and 6 refer to the simply supported and
clamped contours, respectively.

The second phase is completed at the time t3 when D(t2) = Dpax = b. At the end of the phase, the
quantities a(ta), a(ta), we(t2), and w.(t2) are determined.

The third phase (ta < t < ty). The plate motion is described by Egs. (20) and (22) for ¢1 = 7/2, D = b,
and the initial conditions that correspond to the end of the second phase. The moment the plate comes to rest is
determined from (26). The deflections of the plate are calculated from (13), (14), and (17) with allowance for all
phases of motion.
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If Phax > P> (“superhigh” loads), mechanism Nos. 1-3 operate in succession. After reaching the maximum,
the load decreases monotonically and mechanism Nos. 2 and 1 operate in succession.

The first phase (top < t < t1). This phase corresponds to the first phase of motion under “high” loads and is
described by the same equations.

The second phase (t; < t < t2). At this stage of motion, the regions S; and Sy develop according to
mechanism No. 2, and the region Z decreases and vanishes at the time 5 determined from the relation P(t2) = Ps.
The plate motion is described by Egs. (15), and (20)—(22) subject to the initial conditions determined at the end
of the first phase. At the end of the second phase, the quantities a(t2), c(t2), we(t2), and w.(t2) are calculated.

The third phase (to <t < t3). At this stage of motion, the plate is deformed in accordance with mechanism
No. 3. The behavior of the plate is described by Eqs. (20)—(22) for ¢; = 0 subject to the initial conditions determined
at the end of the second phase. At a certain time t,,, the region Sy reaches the maximum size. In this case, we
have D(t,,) = D,, and D(t..) = 0. Setting ¢; = 0 in (24) and using (28), we obtain

P(t..) D%, (1 - 2D.../Q) = 6Mo(2 — ).

The time t3 (when the region Z is formed) is determined from the condition D(t3) = Dy, = b*/a. At the
end of the third phase, the quantities «(t3), &(t3), we(t3), and w,.(t3) are calculated.

The fourth phase (t3 < t < t4). At this stage of motion, the region Sy continues to decrease according to
mechanism No. 2. At the time t4, the region Ss vanishes and the region Z occupies the entire plate. The plate
motion is described by Egs. (15) and (20)—(22) subject to the initial conditions determined at the end of the third
phase. The time t4 is determined from the condition D(t4) = Dpax = b. At the end of the fourth phase, the
quantities a(ts), &(ts), we(ty), and w.(t4) are determined.

The fifth phase (t4 <t < ty). At this stage, the plate is deformed according to mechanism No. 1 until it
comes to complete rest at the time ¢ determined from (26). The plate motion is described by Eqgs. (20) and (22)
for o1 =7/2 and D =b.

The deflections are determined by (13), (14), and (17) with allowance for all phases of motion. Figure 5
shows the curves w(z/a) and w(y/a) [w = ua?p/(MyT?)] for the simply supported elliptic plate with the semiaxes
ratio b/a = 0.7, subjected to a “high” load represented by a rectangular pulse: P = 31.5My/a? for 0 < t < T and
P =0fort>T. Curves 1-3 refer to the deflections in the cross section x = 0 at the times t =T, ¢t = ¢, = 1.397,
and t = t; = 3.34T, respectively (¢, is the moment the region Sp vanishes). Curves 4-6 refer to the deflections in
the cross section y = 0 at the same moments.

Let us consider a plate with an elliptic contour [ and a supported internal hole determined by the parametric
equations

x = [a— Ab/L(p)] cos ¢, y = [b— Xa/L(p)]sinp,
where ) is the distance from the external contour to the hole in the plate (0 < A < b*/a and A = const) (Fig. 6).

In this case, the equations of the boundaries L; (i = 1, 2) of the region Sy, which moves translationally, are similar
to the equation of the curve l5 of the plate without a hole:

z;; = [a — Dib/L(p)|cosp,  yu = [b— Dia/L(p)]sine.
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Here D; is the distance from the contour ! to the boundary L; and 0 < D; < Do < A (Fig. 6).
For the chosen shape of the internal contour, the region S3, which moves translationally, arrives simultane-
ously at all points of the curve [; where the following equality holds:

Dy = Ds. (29)

We denote the parts of the plate adjacent to the internal and external contours by S1; and Si2, respectively.
Let 8; (i = 1, 2) be the angle of rotation of the region S; about the supported contour. As in the case of the simply
connected plate, the system of equations of motion of the doubly connected plate considered comprises Eq. (21)
and

pB1D1Z11 = P(t)S12 — 12Mp(2 — 1) 135 (30)
pB2(X — D2)Sa1 = P(t)Xas — 12M(2 — 12) Das; (31)
BLDy = tire; (32)

Ba(A = Dy) = iy, (33)

where n; = 0 for the clamped contour and n; = 1 for the simply supported contour (the subscripts ¢ = 1 and 2 refer
to the external and internal contours, respectively),

w/2 /2

Ell(Dl) =4 L((p) d(p73D1 E, Elg(Dl) = 2(3 L(gﬁ) ngDlﬂ'),
[Hore=ms /
/2 /2
SuD) =D [ Helde, Saa(Da) =4 [ L) do— 1+ 300,
0 0
w/2 /2
()\ + 2D1)7T' 1 A?T
ZQQ(DQ) = 2(3 L((p) d(p— 7)7 ZQg(DQ) = 72< L((p) dtp— —)
o/ 2 (A= Do) 0/ 2

In the case where the region Sy degenerates into a curve, relation (29) is satisfied. The initial conditions have the
form

Bilto) = Bilto) = we(to) = e(to) = 0, D;(to) = Dio (i=1,2). (34)
The values of D;q are determined below. )
The ultimate load P; is determined from (30) and (31) by setting 5; = 0 (¢ = 1,2) and taking into
account (28). As a result, we have
. 6Mo(2—m)
Py =
Dg(3 —8Do/Q)
where Dy is found from the relation
2-m_ -m)-4/Q)
D3(3—8Do/Q) (A= Do)?[3 — 4(A +2Do)/Q)

298



Let the plate be loaded by a rectangular pulse: P = const for 0 < ¢t < T and P = 0 for t > T. In this
case, the functions D;(t) (¢ = 1,2) remain constant during loading. For 0 < P < PJ (“low” loads), the plate is not
deformed and remains at rest. For P} < P < Pj (“moderate” loads), the region S is absent. We determine the
load Py, for which the region Sy is formed. Differentiating (32) and (33) with respect to time with allowance for
(21) and substituting the resulting expressions into (30) and (31), we obtain

PY¥q11 = PYia — 12Mo(2 — m1)X13; (35)
PZgl = PZQQ - 12M0(2 - 7’]2)223. (36)
At the moment the region Sy is formed, relation (29) holds. Hence, Eqs. (28), (35), and (36) yield
My(2 —
P = 6Mo(2 —m)

- Di(1-2D,/Q)’
where D,, is the value of D; for P = Py, which is determined from the relation
2-m (2 —m2)(1 —4)/Q)

D3(1—2D,/Q) (A= Dp)*[1 =2(A+ Dp)/Q]

For the “moderate” load, the motion of the doubly connected elliptic plate for 0 < ¢t < T (first phase) is
described by Egs. (29)—-(33) subject to the initial conditions (34), where the quantity Djq is determined as follows.
Differentiating (32) and (33) with respect to time, eliminating ., and substituting relations (28)—(31) into the
resulting expression, we obtain the following equation forD1q:

P>\<1—412210) :6M0[2—m (1—A+3D1°)—( 2712 (1—@)(1—31)10)]

D3 Q A= Dp)? Q Q
From the equations of motion, we find that
. tF : tF tF t*F
t) =  Balt) =, (t) = —, Bilt) = ,
A pD1o Palt) p(A — D1o) o) A 2pDio
t2F t*F ¥12(D1o)
t)= ————, (t)=—, F=—"——"%(P-Fj
Pa(t) 2p(A — Do) ®) 2p X (Dlo)( 5)
At the end of the first phase (t = T), we have
. TF . TF TF
T) = , T)=——, w(T)=—,
/81( ) leo 52( ) p()\_DIO) ( ) P (37)
T2F T2F _ T?F

A= 5b B T 50D T,

In the second phase (T < t < ty), the behavior of the plate is described by a system that comprises Egs. (29),
(32), (33), and

pBiD1%11 = —12Mo(2 — 1) 13 (38)

pf2(\ — D1)a; = —12Mp(2 — 12) D3 (39)

subject to the initial conditions (37) and D;(T) = Djg. Differentiating (32) and (33) with respect to time and
eliminating ., we obtain

B2(X = D) = 1Dy + B1D1A/ (A — D).
This relation can be combined with (38) and (39) to give
BiA _ 12My ((2 —m)Eiz  (2- 7)2)223>
A—Dy p X1 o1 ’

System (38)—(40) is solved by a numerical method. The moment at which the plate comes to rest is determined
from condition (26). It follows from (26), (32), and (38) that the quantity D1 (t;) = D satisfies the equation

(2 =m)%13(Dy)/X11(Dy) = (2 = m2)X23(Dy)/¥21(Dy).

D, (40)
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The deflections of the doubly connected elliptic plate are determined from the equations

(z,y) € S11: = Fi()d(z,y), (z,y) € S1z: = Bo(t)d(z,y), (2,y) € So: @ =i, (41)

where d(z,y) is the distance from the point (z,y) to the supporting part of the plate where this point is located.

A numerical analysis shows that the quantities Dy, Dy, D1 (for Py < P < Pf), and Dy differ only slightly.
Therefore, one can use an approximate analytical method based on the assumption that D; = const to solve the
problem. In this case, system (29)—(33) is replaced by system (29), (30), (32), (33) with D; = const, whose solution
has the form

3—-8D,/Q 3—-8D1/Q T2P2(1_P5“) ’ _PT
1p(1-3D,/Q) 1p(1—3D:/Q) AN

The maximum final deflection obtained by solving system (29)—(33) by the Runge-Kutta method differs from
that determined by solving analytically system (29), (30), (32), (33) for D1 = (Do + D,)/2 by no more than 2%.
Figure 7 shows the curves w(z/a) calculated by the analytical method for a doubly connected elliptic plate loaded
by a “moderate” rectangular pulse: P = 37My/a?. The plate is characterized by the semiaxes ratio b/a = 0.8 and
A = b%/a, and its both contours are simply supported. Curve 1 refers to the deflection at the time ¢ = T and curve 2
to the moment the plate ceases to move t =ty = 1.977.

The approximate system (29), (30), (32), (33) for D; = const can be solved in the case of “moderate” loading
by a pulse of an arbitrary form: P(ty) = Pg; P(t) < Py for to <t < T and P(t) =0 for ¢ > T. It follows from the
solution of this system that the time ¢; at which the plate comes to rest is determined from (27), and the maximum

final deflection is
(/p dt) _2/<t_t0>p@>dt |

For a “high” load (P > Py), the first phase of motion of the doubly connected elliptic plate (0 < ¢t < T)
is described by Egs. (21) and (30)—(33) subject to the initial conditions (34). The values of D;y (i = 1,2) are
determined from Eqs. (35) and (36). At the end of the first phase, we have

we(T) = T*(P = Fy), we(ty) =

~3-8D,/Q

wells) = g1 = 3D1/Q)

. PT . PT PT
T) = T)=——" i (T)=—,
ﬂl( ) leoa 62( ) p()\_ Dgo)’ w ( ) p (42)
PT1? P17 PT?
A= 50p PO = 30Dy S

2p
In the second phase (T" < t < t1), the region Sy is compressed and the plate motion is described by the
system of equations (32), (33), (38), (39), and

We =0 (43)
subject to the initial conditions (42). It follows from (43) that
we(t) = we(T) = PT/p, (44)
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whence w(t) = PTt/p. Differentiating (32) and (33) with respect to ¢, taking into account (43), and inserting the
resulting relations into (38) and (39) [with allowance for (32), (33), and (44)], we obtain

D1 = 12M()(2 — 771)213D1/(211PT), Dg = —12M0(2 — 772)223()\ — Dg)/(EmPT) (45)

System (38), (39), (45) is solved by a numerical method. The time ¢; at which the region Sy vanishes is determined

from (29). At the end of the second phase, the quantities 3;(t1), Bi(t1) (i = 1,2), w.(t1) = PT/p, and w.(t1) =
PTty/p are determined.

In the third phase (¢1 <t < ty), the motion is similar to the motion in the second phase for a “moderate”

load.
The deflections of the plate are determined from (41) with allowance for all phases of motion.
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